We present a method for simulation of viscoelastic flows using an Arbitrary Lagrangian Eulerian (ALE) technique based finite element formulation. The ALE technique provides advantages of both Lagrangian and Eulerian frameworks by allowing the computational mesh to move in an arbitrary manner, independent of the material motion. In the present method, a fractional step ALE technique is employed in which the Lagrangian phase of material motion and convection arising out of mesh motion are decoupled. In the first step the relevant flow and constitutive equations are solved in Lagrangian framework. The simpler representation of polymer constitutive equations in a Lagrangian framework avoids the difficulties associated with convective terms thereby resulting in a robust numerical formulation. In the second step the mesh is moved in ALE mode and the associated convection of the stress is performed using a Godunov type scheme. This ALE technique is easy to implement and can accurately simulate the complex viscoelastic behaviour of transient polymer flow through complex geometries. In the present study, steady flows through abrupt contractions of planar and axisymmetric geometries are studied by performing transient flow simulations until steady state is achieved. The proposed method is validated with previously published numerical and experimental studies for polymer solutions obeying the Oldroyd B and Phan Thien Tanner (PTT) models. The simulated corner and lip vortex enhancement mechanism and flow behavior are in good agreement with experimentally obtained flow visualization photographs. The strength of the proposed method lies in its ability to simulate free surface flows such as swell.
Introduction
The flow of viscoelastic fluids through abrupt planar or axisymmetric contractions is a well studied problem and has been reviewed extensively in the recent past [1] . Though the contraction geometry is simple, it contains some key features of complex flows involved in polymer processing such as a combination of shear and extensional deformations. The flow through abrupt contraction also gives rise to a singularity at the reentry corner, where the stress tends to infinity thus causing many difficulties associated with the numerical simulations of viscoelastic flows. These issues make it an ideal benchmark problem for both experimental studies and simulation strategies for complex viscoelastic flows of polymeric fluids. We are generally interested in the development and use of an Arbitrary Lagrangian Eulerian (ALE) finite element based simulation method for viscoelastic complex flows, and in this work we wish to test this strategy for the benchmark flow problem of abrupt contraction flows. The present discussion is limited to differential constitutive equations. We begin by summarizing the state of the art in numerical simulation of viscoelastic flows and describing the advantages of the ALE based formulation. We then briefly review the salient findings of some of the important previous experimental and numerical studies on abrupt contraction flows.
Flow simulation methods
Polymer constitutive models for viscoelastic flows lead to highly nonlinear problems because of the elliptical and hyperbolic parts of the equations. This causes difficulties for computational fluid dynamics techniques especially at high Weissenberg number (We), which characterizes the combined effects of fluid elasticity and flow rate. In view of the tremendous interest in simulating viscoelastic flows at high flow rates this challenge has been described as the 'High Weissenberg Number Problem' (HWNP) in the literature [2] . White et al. [1] suggested that the limiting value of the We depends on the rheological model used and the mesh size.
There have been many developments in the numerical modeling of high Weissenberg number viscoelastic flows over the last two decades. A comprehensive review on this can be found in Chapter 8 of the book by Owens and Phillips [3] . Many numerical studies are confined to the use of Oldroyd B fluid through planar contraction since it is considered as the standard benchmark problem. The most commonly used method based on mixed finite element formulations [4] was introduced by Crochet et al. [5] for viscoelastic flow simulation. Marchal and Crochet [6, 7] used mixed finite element method for simulation of Oldroyd B fluid through a 4:1 planar contraction. In their first paper [6] , the velocity was approximated using Hermitian finite elements. The limiting We number that they achieved was 2.19 (Deborah number, De = 6.57), after which no convergent solutions were obtained. In the subsequent publication [7] , a new finite element method was introduced which used Streamline Upwind (SU) and Streamline Upwind Petro Galerkin (SUPG) methods with 4 × 4 linear stress sub elements. No limiting We number was found in this case but the calculations were stopped at We = 6.67, (De = 20) . A small lip vortex along with the salient corner vortex was observed at We = 2.56, (De = 7.6), but this disappeared at higher values of We.
Several algorithms such as Explicitly Elliptic Momentum Equation (EEME) [8] and Elastic Viscous Stress Split (EVSS) [9] were developed to strengthen the ellipticity in the momentum equation. EVSS [9] and Discrete Elastic Viscous Stress Split (DEVSS) [10] based algorithms have gained popularity due to their simplicity and can be applied to a variety of constitutive equations more easily, while maintaining stability. Many numerical studies have used EVSS/SUPG techniques for FEM [11, 12] and FVM [13, 14, 15] to overcome HWNP to a reasonable extent. However, the mesh dependency on the limiting We is not completely eliminated.
Other schemes such as mixed finite volume/ finite element methods (FVM/FEM), hybrid FVM/FEM and semi Lagrangian technique were also reported for simulation of Oldroyd B fluids. Sato and Richardson [16] have employed a combined finite volume/finite element method for simulating the flow of an Oldroyd-B fluid. The hybrid FVM/FEM was first proposed by Wapperom and Webster [17] and further modified by Aboubacar and Webster [18] . In this formulation the momentum and continuity equations are solved by a Taylor-Galerkin/pressure correction finite element method and the stress constitutive equation is discretised with a cell-vertex FVM algorithm. The combination resulted in a time-stepping process, with fractionalstaged formulation based upon each time step. Philips and Williams [19] have presented a semi-Lagrangian FVM technique applied to planar contraction using Oldroyd-B model. The momentum and mass conservation equations were solved in FV framework and the extra-stress tensor was calculated using FEM.
Recently, there has been a renewed interest in the use of FVM to model viscoelastic flows due their lower computational cost compared to FEM. FVM is applied to viscoelastic flow problems by computing stress components on center point or edges of the cell. Yoo and Na [20] , Darwish et al. [21] , Sasmal [13] have also used FVM to study viscoelastic flow problems. FVM was also extended to study three dimensional viscoelastic flows by Xue et al. [14] and for transient analysis by Mompean and Deville [22] . Alves et al. [15] used a high resolution FVM for simulating the viscoelastic flow through abrupt contraction based on a fully collocated finite volume scheme developed by Oliveira et al. [23] . Recently, Kim et al. [12] used high resolution FEM for simulating Oldroyd B fluid flow through planar contraction at high We ∼ 5 using coarse mesh and We = 2.5 on the finest mesh.
Though the semi-Lagrangian FVM, hybrid FEM/FVM and high resolution methods have overcome the HWNP to a considerable extent, the cost of computation is high for transient analysis as the method imposes severe restriction on the time step.
All the above methods are based on modeling fluid flow in an Eulerian framework. A few attempts of modeling polymer flow in Lagrangian framework have been reported [24] . However, these are not popular because of the problems associated with remeshing and also in many applications one looks at flow through a fixed window. Harlen et al. [25] and Nicholson [26] have developed FlowSolve, a Lagrangian framework based solver for simulations of polymer flow with multimode pompom constitutive model [27] . They have incorporated a method of remeshing to account for element distortion and addition and deletion of elements at entry and exit regions in the contraction flows. There have been studies reported in the literature to solve viscoelastic flow problems using Eulerian-Lagrangian framework. Tanifuji and Kikuchi [28] have modeled extrusion blow molding process using Lagrangian Eulerian finite element method, where the flow in mold is modeled in Eulerian framework and the extrudate in Lagrangian framework. They used automatic remeshing and generation of a layer of Lagrangian elements at the lip of the die at every time step. Serdakowski and Caswell [29] have presented an Eulerian Lagrangian finite element method where equations to the Eulerian description were generated after transforming Lagrangian difference equations using time expansion, which allow separate solution for conservation and constitutive equations. However, the formulation was not satisfactory for the strong elastic case. Beside this they used least square method for interpolation of variables which lead to biased or oscillating fits.
Formulations based on ALE technique can be of immense utility in this regard as the mesh can move independent of the material leading to numerous variations that can be tailored for specific needs. These methods do not require explicit extrapolation/interpolation of variables and in place suitable algorithms are used for mesh convection. The use of formulations based on ALE technique has gained popularity in applications where interaction between flow and fluid structure are important. ALE techniques have also been widely applied for metal forming simulations with elasto-plastic or visco-plastic material constitutive behavior [30] [31] [32] . Despite the success of ALE in these applications, its use in viscoelastic flow simulations has received limited attention. Baaijens [33] has presented a U-ALE formulation and demonstrated its utility for free surface viscoelastic flows. The formulation is based on time-discontinuous/Galerkin-least squares formulation. Recently Etienne et al. [34] have presented an ALE technique based method and simulated problems of drag on a cylinder and collapse of a column involving polymer melts.
Experimental and numerical studies
As stated earlier, viscoelastic flow through abrupt contractions are used as benchmark for validation of simulation methods. However, quantitative comparisons of simulation results with experimental flow visualization studies have been limited. We review some key experimental and simulation studies for Oldroyd B and Phan Thien Tanner (PTT) fluids through abrupt contractions. Initial studies on viscoelastic abrupt contraction flows focused on the 4:1 geometry because of the experience in Newtonian fluid mechanics, where it was found that the changes in flow characteristics occur between contraction ratio of 1:1 and 4:1. Two main types of polymer solutions viz., shear thinning viscoelastic fluid and constant viscosity elastic fluid (the so called Boger fluid) have been extensively studied. The latter type is an excellent model system for understanding the effects of elasticity alone. Two main types of flow geometries have been extensively investigated: axisymmetric and planar contractions. While the axisymmetric geometry allows for visualization of the flow pattern and measurement of velocities using techniques such as Laser Doppler Velocimetry, the planar configuration allows additionally the measurements of stress fields using birefringence techniques. The latter have been most frequently used for studies on polymer melts [1] . Importantly, both techniques provide a quantitative means for validating numerical simulation techniques. In most studies the main experimental observations concern the visualization of the size and intensity of the corner vortex as a function of the We number.
The effect of elasticity alone, separated from the shear thinning phenomenon, on the formation and growth of a corner vortex in an abrupt contraction flow were first studied by Nugyen and Boger [35] using a constant viscosity elastic (Boger) fluid. In a subsequent study, Boger et al. [36] used two such fluids (polyacrylamide (PAA) dissolved in corn syrup and polyisobutylene (PIB) dissolved in polybutene (PB)) flowing through circular contractions. The two test fluids had similar dynamic and steady shear properties but showed different vortex dynamics. For example, the PAA/corn syrup fluid flowing through 4:1 axisymmetric contraction showed concave shaped corner vortices at lower flow rates. These moved towards the reentry corner with increasing flow rates. Having reached the corner they changed to a convex shape and grew in size and intensity. In the case of PIB/PB fluid flowing through 4:1 axisymmetric contraction the corner vortex diminished with increase in flow rate and disappeared at moderate flow rates. At a critical flow rate a lip vortex formed, which grew with further increase in flow rate. However, this vortex dynamics was time dependent. Steady flow behaviour was observed for the PIB/PB Boger fluid only for higher contraction ratios. For example, in a 16:1 contraction, a concave corner vortex was observed, which moved towards the reentry corner with increasing flow rates, changed to a convex shape and then grew upstream. No lip vortex was seen. Boger et al. [36] concluded from the above results that the knowledge of steady and dynamic shear properties of these fluids was insufficient for explaining their flow behaviour in axisymmetric contraction flow. Later Evans and Walters [37] experimentally studied Boger fluids in planar and square-to-square contractions. They found that with increase in We number there is an increase in the intensity and size of corner vortex growth in square-tosquare contraction. However, in planar flow they observed the corner vortex intensity reducing with increase in the We number. Nigen and Walters [38] regenerated experimental data for Boger fluid through 4:1 contraction. In the axisymmetric contraction flow, they found vortex enhancement at high We associated with increase in the pressure loss due to viscoelasticity. In planar contractions the vortex was absent over a large range of flow rates. Furthermore, it was impossible to distinguish between the corresponding pressure-drop data for the Newtonian and Boger fluids. At very high flow rates, the Boger fluid flow became unstable and it showed slightly higher-pressure drop compared to the Newtonian fluid.
Several numerical studies on the flow of nearly constant viscosity elastic fluids in abrupt contractions have been reported. Debbaut et al. [39] attempted to match the experimental results of Boger et al. [36] based on 4 × 4 streamline upwind mixed finite element formulation. They demonstrated the formation of corner vortex, however, their prediction had limited success since the vortex sizes observed in experiments could be obtained only at significantly higher shear rates with simulations. Coates et al. [40] presented numerically stable and accurate FEM algorithms using EEME technique for the simulation of abrupt contraction flows of Boger fluids modeled with modified Upper Convected Maxwell (MUCM) and nonlinear Fene dumbbell constitutive equations, which were well-posed near the geometric singularity because they reduced to the Newtonian case close to the reentrant corner. Their simulations could be taken to higher We with mesh refinement. Simulations using the UCM model did not converge because the model was shown to be ill posed. Simulations using the MUCM model provided semi-quantitative agreement with the experimental data of axisymmetric flows of PAA Boger fluid in 4:1 contraction and PIB Boger fluid in 8:1 contraction. Based on experiments of Nigen and Walters [38] , Alves et al. [15] have presented simulations for the flow of Oldroyd B and PTT fluids in planar contractions using semi structured collocated, highresolution finite volume schemes. They have studied the effect of mesh size on the prediction of the corner vortex. For finer mesh they found the size of corner vortex reducing with increase in We number. They were able to simulate up to We = 3 for flow of Oldroyd B fluid through planar contraction. Edussuriya et al. [41] presented a cell centered finite volume scheme for viscoelastic flow in abrupt contractions on unstructured meshes. The Oldroyd B constitutive model was implemented within the multi-physics framework PHYSICA ® . These authors showed similar results to Alves et al. [15] , i.e., the size of corner vortex in planar contraction flows reduced with the increase in the We number. Recently, Kim et al. [12] used high resolution FEM for simulating Oldroyd B fluid flow through planar contraction. They showed similar results to Alves et al. [15] and further extended their results up to We ∼ 5 for coarser mesh and We = 2.5 for the finest mesh.
Although the study of Boger fluid in contraction problem may justify the development of numerical methods, equating the behavior of Boger fluids to polymer melts may not reflect the true flow behaviour of viscoelastic melts [1] . Hence to get true flow behaviour of melts, experiments were reported using shear thinning polymer solutions [37, 42] . Evans and Walters [37] have presented experimental data on the flow of a shear thinning and highly elastic 1% polyacrylamide (PAA) solution through abrupt planar contractions of various contraction ratios. For flow through a 4:1 planar contraction, they observed that vortex enhancement occurred through progressive growth of the salient corner vortex and there was no creation of a lip vortex. For 16:1 contraction at low We there was formation of corner vortex and lip vortex, but at higher We the corner vortex disappeared and only progressive growth of the lip vortex was observed. For 80:1 contraction the lip vortex was found to be dominating. In another paper, Evans and Walters [42] raise the question of whether a careful selection of the test liquid would lead to a lip vortex even in the case of 4:1 contraction and for that purpose they reduced the polyacrylamide concentration. They observed a salient corner vortex enhancement mechanism for 0.5% and 0.3% PAA solutions. However, the lip vortex was found to be responsible for vortex enhancement in the case of a 0.2% PAA solution. The Reynolds number in these experiments was of the order of 1-10, and they observed that the vortex size was strongly reduced at high flow rates, which were attributed to inertial effects.
Purnode and Crochet [43] presented numerical simulations of the experimental results of Evans and Walters [37, 42] using FENE-P model. Although the results were qualitatively correct, the vortex dynamics seen in their computations did not occur at same flow rates as in the experiments. Recently, Alves et al. [44] used a high resolution FVM technique to simulate PTT fluid through abrupt contractions and demonstrated semi-quantative matching with experiments of Evans and Walters [37] for 16:1 contraction. Few FVM based simulations were reported in literature to predict the experimental data of Quinzani et al. [45] . The rheological data of the PIB/PB solution used by Quinzani et al. [45] was fitted well by PTT model by Quinzani et al. [46] . Xue et al. [13] used these model parameters in their finite volume simulations and compared with experimental results of Quinzani et al. [45] . They showed the good match between the predictions and the measurements. However, no attempt was made to match exactly both the viscometric and extensional properties of the constitutive models to the real polymeric fluids.
Many existing simulation techniques suffer from numerical difficulties at high We number particularly for Oldroyd B fluids [3] . Further, the experimentally observed details of flow structures in abrupt contractions are still not fully captured by most simulation techniques even when several other constitutive models were used. In view of this, extensive comparisons between matching simulations and experimental data for flows through abrupt contractions are limited in the literature. This calls for the development of alternative stable, accurate and faster simulation techniques. We have developed an ALE formulation based on the fractional step method for simulation of viscoelastic fluids. In the present work we present the application of this formulation for simulation of flow of Oldroyd B and PTT fluids through planar and axisymmetric abrupt contractions. In particular, the aspects of dealing with a fixed flow window and making the method computationally efficient are discussed in the paper. The next section details the formulation and implementation method. In Section 3 of this paper, the present method is validated with some numerical studies and compared with key experimental findings reported in the literature.
The ALE simulation strategy
The differential form of constitutive equations for polymeric fluids in Eulerian framework contains a convective term that accounts for the relative motion between reference frame (mesh) and material. The treatment of the convective term in the Eulerian framework requires involved procedures dealing with specific upwinding schemes suitable to constitutive equations to avoid problems related to accuracy and numerical stability. Besides this, modeling free surfaces require special treatments in Eulerian framework. In a Lagrangian framework free surfaces do not need special treatment and the convective term is naturally avoided, however one has to deal with large mesh distortion and the need for cumbersome remeshing. The Arbitrary Lagrangian Eulerian (ALE) formulation of continuum mechanics was developed to overcome the limitations of the Lagrangian and Eulerian formulations. The central idea is to allow the computational mesh to move in an arbitrary manner, independent of the material motion [47] . This arbitrariness can be used to reduce the extent of convection between mesh and material motion. Basic concepts are briefly presented here. Let x represent the spatial coordinates of material particle X. We define a third reference domain representing a mesh referential frame χ such that
For the ALE formulation a one to one transformation between the three domains is required. Material velocity v and mesh velocity v m are given by
The convective velocity c between material and mesh, which is the relative motion between material particle and mesh is given by
This leads to a relationship between time derivatives in material and referential (mesh) domains for any given scalar variable f as
Eq. (4) forms the basic foundation of the ALE formulation. An ALE formulation can be approached either as a fully coupled method or as a fractional-step method. In the latter, the Lagrangian phase of material motion and convection due to subsequent mesh motion are treated separately [48] . This eliminates convective terms in the viscoelastic stress constitutive equation while solving for flow in Lagrangian phase. The convection phase of the stress update can be performed using explicit algorithms for ALE analysis as explained later. Despite the requirement of upwinding in this phase, the dependence on the constitutive equation is eliminated. Here we have adopted the fractional step method proposed by Rodriguez-Ferran et al. [48] for non-linear solid mechanics problems. The following sections present the Lagrangian formulation used in the present analysis and the ALE implementation.
Lagrangian flow formulation
The equations governing the laminar flow of an incompressible viscoelastic fluid are as given below
where v is the velocity, p the pressure and σ the stress tensor. The inertial terms are neglected in Eq. (6). For viscoelastic fluid the stress tensor is expressed as a sum of Newtonian and viscoelastic components as
where τ v is the extra stress tensor due to viscoelasticity and τ s is the stress component of pure Newtonian fluid given by
The extra stress tensor is described by a suitable constitutive model. In this work we choose to use the Oldroyd B and PTT models for describing the constant viscosity and shear thinning viscoelastic fluids, respectively.The Oldroyd B model is given by
where ∇ τ v the upper convected derivative is
In the above equations the model parameters are the relaxation time λ, the zero shear polymer viscosity η v and the solvent viscosity η s . The total viscosity η 0 is given by η v + η s . For PTT model considering only the upper convected derivative, an extra term is added to Oldroyd B model and is given by
And this reduces to Oldroyd B model for ε = 0. We solve the above set of equations using a decoupled technique [2] by considering the influence of viscoelastic stress as an additional external force on a Newtonian flow. This leads to the following form to be solved
A nine nodded quadratic quadrilateral isoparametric finite element based on Galerkin weighted residual discretiztion technique is used in the present study. The velocity in an element is interpolated as given below
where v j are the nodal velocities and N v j are the velocity shape functions. N is total number of nodes in the element. The pressure is interpolated at pressure nodes internal to the element as shown in Fig. 1 and is given by
where p j are the nodal pressures and N p j are the pressure shape functions. Eq. (14) and Eq. (15) result in biquadratic interpolation of velocity and bilinear interpolation of pressure terms. This is called as discontinuous p interpolation and pressure nodes are located at the Gauss points as shown in Fig. 1 . This element configuration is known to have good properties for handling pressure and velocity fields with no spurious modes or locking [49] . This is known as mixed velocity pressure formulations [49] . The continuity equation is augmented by p/γ where γ is a small penalty parameter. The continuity and momentum equations [Eq. (5) and Eq. (6)] with the pressure penalty method results in the following discretized form
where h is the size of element, I the identity matrix and h 2 /γ the penalty number (of the order of 10 7 -10 8 ). The matrices K and Fig. 1 . Schematic of nine noded element and pressure nodes at Gauss points.
G are given by
B is the strain-displacement relation matrix. The force vector f is given by
where T s is the surface traction on boundary Γ f , and f ve the force term arising out of extra viscoelastic stress, given by
where T is the vector representation of viscoelastic extra stress τ v . As the pressure nodes are internal to the element, it is possible to condense the matrix at the element level as given below and assemble the system to give
This reduces the number of equations to be solved as the pressure variable is eliminated from the solution stage. Pressure is recovered from the velocity field after the velocity solution is obtained. The above equations are solved for transient viscoelastic flow. At each time step, the velocity solution is obtained by solving Eq. (21) and the differential constitutive equation for viscoelastic stress in a loosely coupled method. After solving for velocity, at each iteration the constitutive equation is integrated in time to compute the stresses at all Gauss points which are subsequently used in Eq. (20) . The first iteration of a given time step takes the previous converged viscoelastic stress as the initial guess. The iterations are repeated until convergence, the criteria for which is defined as give below
In the above equation subscript i and superscript n refer to the iteration and step number, respectively. The constitutive relations for viscoelastic stress are integrated in time as follows. The Lagrangian time derivative of τ v at the (n + 1)th step is expressed as
For an Oldroyd B fluid τ n+1 v is given by
Similar expressions can be derived for PTT fluids.
The ALE convection phase
The governing equation in ALE phase is given by
where c is the convective velocity given by Eq. (3) and q accounts for material stress state [48] . In view of the decoupled approach the right side of the Eq. (25) (27) In finite element framework one point quadrature is employed so that it is applied directly. Piecewise constant integration is done at each Gauss point. For two-dimensional planar analysis Eq. (27) at a Gauss point reduces to
where τ is the stress related component of element e, which has area A and N Γ edges. τ c is the stress related component in continuous element across edge Γ . f Γ is the flux across edge and given by
where n is the normal along the sub-element edge corresponding to the Gauss point. The explicit time integration of Eq. (28) results in
Similar equations can be derived for axisymmetric geometry. A detailed presentation of the Godunov update method can be found in [48] .
Mesh motion and entry/exit boundary conditions
The ALE methods in general pertain to cases where boundary of the domain for the mesh and material are identical. However, in the present work we intend to simulate flow through a spatially fixed window as is analyzed in an Eulerian framework for contraction flows (Fig. 2) . In view of this we impose zero ALE mesh velocity (v m = 0) at all nodes. However, it may be noted that this is special case for analyzing flow in a fixed window and is not needed for analysis of free surface flows. Indeed the strength of ALE formulation can be seen for the simulations of flow with free surfaces, where the mesh can be moved arbitrarily as per the requirement irrespective of fluid motion. The demonstration of ALE formulation for a free surface flow will be the focus of a separate work. Here we deal with abrupt contraction flows in a spatially fixed window.
The zero mesh velocity violates the condition of identical domain boundaries at the entry and exit regions of such a window. However, by assuming that we analyze a situation where fully developed flow exist at entry and exit and we take sufficiently long length (16 L) of the analysis domain away from the contraction region, it would be fair to assume that the downstream channel length is long enough so that the exit flow has a fully developed parabolic profile and the derivatives of all entities along the flow direction are zero. This concept is used to treat the entry and exit regions in the mesh transport phase. To justify our assumption, simulations are carried for longer die length (∼50 L) and was found that die length (∼16 L) is sufficient.
Numerical implementation
It is to be noted that, for viscoelastic fluids with constant Newtonian viscosity, the matrix on the left side of Eq. (21) does not vary for each iteration at a given time step. The convergence is affected by updating the velocity field through correcting the force term on the right hand side at each iteration. For flow through a fixed window as described in the previous section, where the mesh at the beginning of each time step is identical, the left hand side of Eq. (21) remains constant through the simulation for all time steps beside the iteration. This can be taken advantage of by inverting the matrix only once making the simulation significantly faster. The numerical simulations are inherently transient and the steady state situation is obtained as a limit of transient analysis.
Results and discussions
In this section, we present our numerical simulation results for the flow of Oldroyd B and PTT fluids through abrupt contractions obtained using the proposed ALE technique and compared them with previously reported numerical simulations from the literature as well as experimental studies. The Weissenberg number is defined as We = Uλ/L, where U is average velocity in the die exit region and λ is relaxation time.
Mesh convergence studies
Simulations on mesh convergence studies are carried out using several meshes for the 4:1 planar contraction geometry with Oldroyd B fluid. All meshes are non-uniform and graded with smaller elements at the reentry corner where the singularity exists. The mesh details of the four meshes M1-M4 used are given in Table 1 . The mesh density is increased from M1 to M4 with the smallest distance between nodes being reduced successively to 2/3 rd of previous mesh. The size of the smallest element is 0.03, 0.02, 0.012 and 0.008 L for mesh M1, M2, M3 and M4, respectively, where L is the half width of the exit. The mesh distribution in the region of the re-entrant corner of typical mesh M3 is shown in Fig. 3 . In view of the symmetry in the geometry only one half of the flow problem is considered. The size corner vortex (XR) at various We numbers is compared for convergence. The dependence of XR as a function of the We with mesh size is presented in Table 2 . It can be seen that the maximum difference in XR between M3 and M4 is ∼0.18% for We = 1 and less than 0.02% for We = 4. This shows that the convergence is achieved from mesh M3 to M4. The mesh (M3) used in planar contraction simulations of Oldroyd-B fluid has the same mesh element size as that used by Kim et al. [12] and Table 2 The dependence of XR on We for meshes M1-M4 Edussuriya et al. [41] in the re-entry region. The results presented hereafter pertain to mesh M3. Similar type of graded mesh for 4:1 axisymmetric contraction problem is used with 2700 elements and 11,111 nodes. Similarly for 16:1 planar contraction a graded mesh is used for simulations with number of elements and nodes as 3472 and 14,225, respectively. The convergence of velocity norm (Eq. (22)) at each time step is achieved in a maximum of three iterations for every time step and the time steps are in the order of 10 −3 at lower We (≤2). For the case of Oldroyd B fluid through 4:1 planar contractions at We = 4 using mesh M3, 14 iterations are required to achieve convergence and the time step used is 8.75 × 10 −4 . For the simulation of Oldroyd B fluid through 4:1 planar contractions at We = 1 and mesh M3, the CPU time required to reach steady state is 92 min on a machine with Intel ® Xeon TM EM64T, 3.0 GHz processor using single thread. The CPU time required at We = 4 is approximately 1280 min with the same mesh.
As discussed earlier, simulation of flow of Oldroyd B fluids through abrupt 4:1 contraction is considered a benchmark for verifying the efficacy of numerical tools. Here, we have simulated some of the cases discussed in the literature for comparison. For all simulations of Oldroyd B fluid flowing through an abrupt contraction we have taken β = 1/9 (ratio of solvent viscosity, η s to total viscosity, η 0 ) as is the case in all published numerical studies, though a value of β ∼ 0.9 would have been more appropriate for constant viscosity elastic fluid.
Transient analysis
The nature of ALE inherently enforces the modeling of transient flows. The transient analysis of Oldroyd B fluid through 4:1 planar contraction at We = 1 is discussed to show the evolution of flow with time. Fig. 4 shows a plot of wall shear stress (τ xy ) as a function of flow time at two different positions located at A (0.1 L) and B (0.5 L) from the reentry corner. The wall shear stress slowly develops and reaches steady state (Fig. 4) . This shows that the transient analysis has good stability and can predict the steady state in a limit. The simulations were verified for convergence on time step and converged results are presented in this paper. In the discussion that follows, in all our simulations proper care is taken to present results after steady state is reached. Fig. 4 . Transient wall shear stress (τ xy ) next to the reentry corner at We = 1. 
Axisymmetric flow
Previous simulation studies on the flow of Oldroyd B fluid through axisymmetric contraction showed that XR increases monotonically with increase in We number. The results of our simulations and comparisons with previously published numerical studies are shown in Fig. 5 . It may be seen that the size of the corner vortex increases with increase in We number. Our predictions match well with those of Philips and Williams [50] , Aboubacar et al. [51] and Alves et al. [52] simulations.
Planar flow
Simulation of the flow of an Oldroyd B fluid through a planar contraction is considered as a benchmark problem. Experimentally it has been observed that the corner vortex reduces in size and eventually disappears with increase in the We number; the simulation of this problem is a challenging task. Recently, Kim et al. [12] and Alves et al. [15] have presented detailed simulations of Oldroyd B fluid through planar contraction and have claimed that these can be used as benchmark results. The simulation results of the present study are compared with those of Kim et al. [12] and with other published numerical simulations for the size of corner vortex (XR) as function of We. The comparison is shown in Fig. 6 . It can be seen that at low We (<3) our predictions match well with those of Alves et al. [15] and Kim et al. [12] , however at high We (≥3) our simulations show larger values of XR. Similar findings are reported by Edussuriya et al. [41] . The stress components τ yy and τ xy along a line passing through reentry corner in the flow direction are compared with the data reported by Edussuriya et al. [41] and are shown in Fig. 7a and b, respectively. The stress components (τ yy and τ xy ) show good match but there is significant difference in the maximum value near the singularity. However, it is noted that our simulations do not show oscillations of wall shear stress after reentry corner as seen in the results of Edussuriya et al. [41] . The oscillatory variation of wall shear stress as we move along the die wall close to the reentry corner is a manifestation of numerical problems. However, our results show oscillation at the reentry corner, which may be due to extrapolation of values from Gauss points where the stresses are computed to nodal points. [37, 42] Having successfully demonstrated the simulation of Oldroyd B fluid at higher We, we now simulate the flow of PTT fluid for two different contraction ratios and various flow rates using the ALE methodology in order to test its ability to capture the flow structure that has been observed in the experiments.
PTT fluids in planar contraction: comparison with experiments of Evans and Walters
The PTT model parameters were estimated by fitting the experimental data of Evans and Walters [37, 42] for the shear rate dependence of shear stress and first normal stress difference. The parameters estimated for different concentrations of polyacrylamide solutions are summarized in Table 3 . It is found that the parameter ε in PTT model is required to be in the range of 0.21 to 0.25 for the polyacrylamide solutions in order to get the best possible fit. A tighter fitting of the shear viscosity and first normal stress difference would require a multimode version of the PTT model, which is not used in the present study. Simulations were carried out for different contraction ratios and polymer concentrations.
Effect of contraction ratio
For the 1% polyacrylamide aqueous solution flowing through a 4:1 contraction, the simulations reproduce all experimental flow features [37] . As shown in Fig. 8(A) , the initial weak salient corner vortex extends its influence toward the re-entrant corner ( Fig. 8 (B) (C) ), changes its shape from concave to convex and then grows in size in the upstream direction for high flow rates as shown in Fig. 9 . The simulated results match well with the experimental flow patterns qualitatively. The size of the corner vortex is estimated using the streamline contours obtained from the simulations and the experimental flow patterns. The results for 1% polyacrylamide aqueous solution through a 4:1 contraction are summarized in Table 4 . The flow features for the same fluid flowing through a 16:1 contraction are given in Fig. 10 . The corner vortex grows in size and intensity and fingers towards the re-entrant corner as the flow rate increases [ Fig. 10(A) and (B) ]. Then, within a small range of flow rates, a corner vortex and a lip vortex were seen to co-exist as shown in Fig. 10(C) . Finally, as the flow rate is further increased, the lip vortex grows in size to give the final convex shape [ Fig. 10 (D) ]. A similar lip vortex development is found for higher flow rate as shown in Fig. 10(E) . The results for 1% polyacrylamide aqueous solution through a 16:1 contraction are summarized in Table 5 . The vortex enhancement mechanism is clearly different from that in the 4:1 contraction.
Influence of polyacrylamide concentration
It was found that the corner vortex enhancement mechanism dominates for a 1% polyacrylamide aqueous solution flowing through a 4:1 contraction. Reducing the polyacrylamide concentration to 0.5 and 0.3% also leads to a progressive strengthening of the corner vortex without evidence of a lip vortex as shown in the sequence in Fig. 11 and Fig. 12 , respectively. For 0.5% poly- acrylamide aqueous solution the size of corner vortex matches well with the experiments as summarized in Table 6 . But for 0.3% polyacrylamide aqueous solution the size of corner vortex is 12-15% higher compared to that observed in experiments (Table 6 ). However, as the concentration is reduced to 0.2%, the mechanism of vortex enhancement becomes different as reported by Evans and Walters [42] . They found that the initial salient corner vortex fingers towards the re-entrant corner. At a higher flow rate, a convex lip vortex appears at the reentrant corner. This may be attributed to the inertial effects as Reynolds number is of the order of 1-10. Our simulations were unable to predict the flow patterns reported by Evans and Walters [42] for 0.2% PAA solution, since simulations were carried out neglecting inertial effects (creeping flow). As discussed earlier, though the simulations of Purnode and Crochet [43] obtained similar changes in vortex dynamics with increasing flow rate as observed experimentally [37, 42] , it did not occur at the same flow rates. Alves et al. [44] presented results of flow simulations of a PTT fluid through 16:1 planar contraction and compared the streamline patterns with experimental data of Evans and Walters [37] for the flow of 1% PAA solution through identical geometry. Alves et al. [44] showed a semi quantitative agreement between simulations and experiments. In particular, the absence of lip vortex at the lowest flow rate; the co-existence of corner and lip vortices at moderate flow rate and the complete engulfment of the corner vortex by the lip vortex at high flow rate were well captured in their simulations. Though they have done comprehensive numerical studies on the effect of contraction ratio on formation of vortices for PTT fluid, they have restricted their comparison with experiments of Evans and Walters [37] to only one contraction ratio and polymer concentration. With ALE based simulation technique we were able to predict the exact viscoelastic flow dynamics as a function of contraction ratios and polymer concentrations as experimentally observed by Evans and Walters [37, 42] except for 0.2% PAA solution where the inertial effects play significant role which are not included in the present study.
Conclusions
A method based on ALE framework with a fractional step scheme is presented in this paper for simulation of viscoelastic fluids with differential constitutive equations. The methodology is suitably adapted for analyzing flow through sudden contractions. The ALE technique presented here is generic in nature and can be adapted easily for various constitutive equations. In view of the Lagrangian phase for flow analysis, the requirements on upwinding methods are less stringent. The present paper has been limited to the demonstration of the use of ALE based technique for flows through fixed control volume, although the true potential of ALE can is expected to be seen in flows with free surfaces such as extrudate swell in viscoelastic flows with natural evolution of free surface.
The simulation results were validated with previously published numerical and experimental studies for polymer solutions obeying Oldroyd B and PTT models. For Oldroyd B fluid through 4:1 planar contraction with the present technique, the predicted size of the corner vortex is in good agreement with those of Alves et al. [15] and Kim et al. [12] up to We = 2 and till higher We with other earlier results [18, 41] . For Oldroyd B fluid through 4:1 axisymmetric contractions the magnitude of corner vortex is in agreement with Alves et al. [52] and other simulations reported in the literature. Further, the simulations of PTT fluid through contractions were compared with experiments of Evan and Walters [37, 42] for the flow structure in front of the contraction. The corner and lip vortex enhancement mechanism and the flow behavior are found to be in good agreement with the experimental flow visualization photographs. Effect of contraction ratio/polymer concentration on flow behaviour and the transition from corner to lip vortex mechanisms clearly captured using the present method demonstrating its strength.
